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Schrodinger Bridge Problem (SBP)

Finite horizon minimum effort density steering

Cl
minimize E [/ ~ | (t, x2)||3 dt]
uell 0 2

subject to

xg:=xf(t=0)~py, xf:=x}(t=1)~p

dx* = {f(t,x") + B(t)u(t,x*) }dt + v/20G(t)dw;

- x} is the controlled state vector
- w; is the standard Wiener process

- endpoint densities pp, p1 given



Motivation
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Density controller

- Population density: reshape robotic swarm for
dynamic coverage, control cell population, sync. and
desync. neuronal population, control TCL ensemble

- Probability density: belief space motion planning



Prior Works in SBP

UBER DIE UMKEHRUNG S
DER NATURGESETZE

E. SCHRODINGER

- Schrodinger [1931-32]: f =0, B=G =1

- Connections with stochastic optimal control and
optimal transport: Fortet [1940], Beurling [1960],
Jamison [1975], Mikami [1990], Dai Pra and Pavon
[1990-1991], Chen-Georgiou-Pavon [2016]

- Surveys: Wakolbinger [1990], Léonard [2014]



Many Works in Systems-control

- Early literature in covariance control: Skelton et. al.
[late 80’s and early "90s]

- Linear quadratic theory for the SBP:
Chen-Georgiou-Pavon [2014-18]

- Input constrained covariance steering: Bakolas
[2018], Okamoto-Tsiotras [2019]

- SBP with nonlinear drift: Chen-Georgiou-Pavon
[2015], Bakshi-Fan-Theodorou [2020], Caluya-Halder
[2020-21]

- Probabilistic state constraints: Tsiotras et. al.
[2018-20]



The Present Paper

[ SBP with deterministic state constraints ~ safety




The Present Paper

[ SBP with deterministic state constraints ~ safety ]

Main idea: path constraints ~ reflected It6 SDEs
modify the controlled sample path dynamics to

[dx}‘ = {f(t,x*) +B(t)u(t,x*) }dt +v20G(t)dw; +n(x}‘)d'yt]

x# € X := X UdX, closure of connected smooth X
n is inward unit normal to the boundary 0X

7+ is minimal local time stochastic process



Reflected SBP forB=G =1

Boundary value problem on joint state density

inf / / |2 (8, x¢') H2 p (tx) dxy dt
(pu)ePr(X)xU X 2

subject to ; Piv. (p(u+f)) =0Ap,

a
(=(u+flp+0Vp,n)|yy =0

p(0,x) =po, p(1,x)=p1




Condition for Optimality

Theorem: The pair (p°P!, u°P!) solves

a popt
ot

d
L L IVPIE + (V) = —6Ay

where u°Pt(t,-) = Vy(t,-), subject to
(Vip,n)|y, =0, forall t € [0,1]

£V (P (VY +F) = 6807

p%PH0,-) = po, P°PY(1,-) = p1,

PP VP + f) — OV P, n =0, forall te[0,1
¥ P oX




Schrodinger System

Theorem: Consider (p°Pt, u°Pt) — (¢, ) as

pimexp(P52) gi=pr e (- 157,

The pair (¢, $) solves

d 99 ) A
L= —(Vosf)-bng,  F=-V-(r9)+6a9,

subject to b.c.
PoPo = po, P1P1 = p1,

Neumann b.c. Robin b.c.

| |
(Vo,magy =0, (fo—0VPn)y,=0.




Fixed Point Recursion for the pair (@1, o)

/with b.c. (f¢ —0Vp,n)|,, =0

Po(x)

po(x) @ po(x)

vo(x)

with b.c. (V,

$1(x)

p1(x) © ¢1(x)

p1(T)



Numerical Results: 1D RSBP, no drift

f=0and X = [a,b] CR

o, t) = [yKe(xy1—1t) pr(y)dy, t<1

P t) = [y Koy, x,t) Goly)dy, — £=0

where

1 & 070> m?
Kg(x,y,t) = b—a + b— 2 Z exp (—mt>




Numerical Results: 1D RSBP, no drift
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(a) Endpoint PDFs py, p1

Ilvmliul; index k
(b) Convergence of the fixed point
recursion w.r.t. the Hilbert metric



Numerical Results: 1D RSBP, no drift
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RSBP with Gradient Drift
f=-VVeC(X)and X CR"

Theorem: Let s := 1—t¢, and let ¢ — p(s,x5) =
¢(1—s,x1_5)exp (—V(xs)/0). Then

P v -pvv)ronp, 22—y (pvv)+ong,

subject to
p(s =1,x) exp(V(x)/8)Po(x) = po,
p(s = 0,x)exp(V(x)/0)1(x) = p1,

(VVp+0Vp,n)|yp = (VVP+0VP,n)|y, =0,

and

¢ (tx) =@ (1—sx15) =p(sx)exp (=V (%) /6).




Numerical Results: 2D RSBP, gradient drift
V(xy,x) = (3 +x3)/5 X =[-44

Optimal controlled state PDFs:

t=

N N [ éb éb al

F T T T T T T u
0.0000 0.0016 0.0032 0.0048 0.0064 0.0080 0.0096 0.0112

é




Summary

— Finite horizon minimum effort PDF steering with
hard state constraints

— Controlled reflected state SDEs

— Computation: Skorokhod map + proximal updates +
contractive fixed point recursion
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