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Density Regulator with Terminal Cost

x(t1) ~ p1

- -

Pd

z(0) ~ po



LQG State Regulator

t
min ¢ (x1,x;) + E, {/ 1(xTQx + u'Ru) dt
0

uel
dx(t) = Ax(t) dt + Bu(t) dt + F dw(t),
x(0) = xo given, x,; given, f fixed,
Typical terminal cost: MSE

¢ (x1,%2) = By, [(x1 —xa) "M(x1 — x4)]



LQG Density Regulator

t
rréibl?go (p1,04) + Ex [/0 1(xTQx + u'Ru) dt

dx(t) = Ax(t) dt 4+ Bu(t) dt + F dw(t),
x(0) ~ po given, x4 ~ pg given, # fixed,

Proposed terminal cost: MMSE

¢ (x1,%g) = inf E, [(xl —xq) 'M(x1 — xdﬂ,
y~pEP2(p1,04)

where v := (x1,x4) "



Problem Statement: LQG Density Regulator
(01, 0a)

i inf E —x3) TM(x; —
IJEZ? y“‘Peg;(Perd) ! [(xl xd) (x1 xd)]

+ E, [/tl (x"Qx + u'Ru)dt
0
dx(t) = Ax(t) dt + Bu(t) dt + F dw(t),
x(0) ~ po =N (po,50), %a~ pa=N (pa,54),

t1 fixed, U ={u : u(x,t) =K({)x+o(t)}



However, ¢ (N (p1,51), N (pa, Sa)) equals

(41— pa) " M (1 — ) +

min tr ((S;+ S;—2C)M) s.t.
CGRTIXVI



However, ¢ (N (p1,51), N (pa, Sa)) equals
(11— pa) " M (i1 — pra) +

min tr ((S;+ S;—2C)M) s.t. S# ¢ =0
C' S,

CGRTIXTI

0
max tr (CM) st CS;'C' =0
CERI’IXI’I

0

1 1 1 _% 1
C* = 5,52 (s;sls;) 52



This gives

¢ (N (41, S1) N (pa, Sa)) = (1 — pa) ' M (p1 — pta)

i (Msl + MS; =2 | (v/SaMS1V5)) ws_dws—d)‘%])

Applying maximum principle:
K°(t) = R71BTP(t),

() = R7B' (z(t) — P(t)p(t))



o dim. TPBVP ~ 2 (n + 10D ) dim. TPBVP

A\ _ (A BRTIBTY (u(t)
(50) = (@ 47 ) (50)
S(t) = (A+ BK°)S(t) + S(t)(A+BK°)" +FFT,
P(t) = —ATP(t) — P(t)A — P(t)BR"'B"P(t) + Q,
Boundary conditions:

u(0) = po, z(t1) = M(pa — p1),

S(0) =So, P(t1) = (Sa#S;'—L,)M



Matrix Geometric Mean
The minimal geodesic v* : [0,1] — S;
connecting y(0) = S; and y(1) = S;?,
associated with the Riemannian metric

8a(S4,S71) = tr (A71S,A71S ), is
1/ 1 1\ ' 1
YH(t) = Sa# S =S} (Sd 25,18, 2) S;

i 1o\
— S l# Sy =S <SdeSf> s

N|—

Geometric Mean:

(1 e
! (E)st#%sllzsll#%sd



Example

da\ [0 17 /[x 0 0.01
(dx2> - {2 —3] <x2> dt + H udt + {0.01] dw
po=N((L1)",L), pa=N((00)"7,01L),

QZlOOIz, Rzl, M:IZI t1:2



Controlled State Mean
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pa(t)

p12(1)
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Controlled State Covariance
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Expected Optimal Control

-10 ¢

E[u’(t)]
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Summary

Density regulator problem with terminal cost
LQGDR with affine state feedback
Recovers LQG/LQR as special case

Many possible extensions:

— (conjecture) affine state feedback is optimal
— output feedback

— geometry of different terminal costs



Thank you



