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Uncertainty Propagation in Power Systems
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Propagating Joint Probability Density Function
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Initial l Process noise
L conditions
N .
Process State density /\/\
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Trajectory flow:
dXx(t) = f(X,t)dt + g(X,t)dw(t), dw(t) ~ N (0,Qdt)

Density flow:
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What's New?

0
[Main idea: Solve Ep =Lrpp, p(x,t = 0) = py as gradient flow in Py (X )J

Infinite dimensional variational recursion:
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1 step delay
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Proximal operator: 0k —proxy (0k—1) :=arginf { =W?(0, 06-1) + h(I)(g)}
e€P2(X)

Optimal transport cost: W?(o,0k-1) := _inf / c(z,y) dm(z, y)
me€ll(o,0r-1) J Xx X

Free energy functional: ®(p) := / Yodz + B! / ologodzx
X X



Geometric Meaning of Gradient Flow

Gradient Flow in X

dx

1 = Velx), x(0)=xo

Gradient Flow in Py (X))
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p(xa O) = Po

Recursion:

Xk = Xk—1 — thO(Xk)

, 1
— arg min { 3 x x4 o) |
xe X

= prox',k[')|2 (Xk—1)

Recursion:

Pk — IO(7 t — kh)
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Convergence:

xx — x(t=kh) as hl]O

Convergence:

pk — p(-,t=kh) as hlO

¢ as Lyapunov function:
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Geometric Meaning of Gradient Flow

Gradient Flow in X

z=0(z), I
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Gradient Flow in P3(X)




Algorithm: Gradient Ascent on the Dual Space

Uncertainty propagation via point clouds
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No spatial discretization or function approximation




Algorithm: Gradient Ascent on the Dual Space

0
e = V- (Vup) + 570y

§  Proximal Recursion

, 1
pk = p(x,t = kh) = arginf {5 W2(p, px—1) + h CD(p)}
pEP2(RM)



Algorithm: Gradient Ascent on the Dual Space
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e = V- (Vup) + 570y

§  Proximal Recursion

, 1
pk = p(x,t = kh) = arginf {5 W2(p, px—1) + h CD(p)}
pEP2(RM)

|l  Discrete Primal Formulation
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Ok = arg min{ min  =(Ck, M) + h (¢px_1 + B " log g, Q>}
o McM(gk_1,0) 2



Algorithm: Gradient Ascent on the Dual Space

0
e = V- (Vup) + 570y

§  Proximal Recursion

, 1
pk = p(x,t = kh) = arginf {5 W2(p, px—1) + h CD(p)}
pEP2(RM)

|l  Discrete Primal Formulation

O = arg mm{ min Ck, M) + h (1p,_1 + 3 tlog o, Q>}
Mecll(ok—1, Q)

Entropic Regularization

Ok = arg min{ min —<Ck, M) + eH(M) + h (1,1 + ' log o, Q>}
o McN(gx—1,0) 2



Algorithm: Gradient Ascent on the Dual Space

0
e = V- (Vup) + 570y

§  Proximal Recursion

, 1
pk = p(x,t = kh) = arginf {5 W2(p, px—1) + h CD(p)}
pEP2(RM)

|l  Discrete Primal Formulation

QK = arg mm{ min Ck, M) + h (¢px_1 + B " log o, Q>}
Mel(ek—1, Q)

|l  Entropic Regularization

Ok = arg min{ min —<Ck, M) + eH(M) + h (1,1 + ' log o, Q>}
o McN(gx—1,0) 2

{  Dualization
)\gpt’ )\(1)pt — arg max{{)\o, Qk—1> — F*(—)\l)
Ao, A1>0
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Recursion on the Cone

o o

Coupled Transcendental Equations in y and z
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Theorem: Consider the recursion on the cone RZ Lo X R,
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Then the solution (y*, z*) gives the proximal update gx = z* ® (T ' y*)



Algorithmic Setup
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Theorem: Block co-ordinate iteration of (y, z) recur-
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Proximal Prediction: 1D Linear Gaussian
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Proximal Prediction: 2D Linear Gaussian
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Proximal Prediction: Nonlinear Non-Gaussian
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Computational Time: Nonlinear Non-Gaussian
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Network Reduced Power System Model

Noisy Kuramoto (a.k.a. structure preserving power network) model

n
m;0;+7;0;= Pim“h — Z ki;sin(6; — 6;) 4+ o; X stochastic forcing, i =1,...,n
j=1

Mixed Conservative-Dissipative SDE over state variables (6, w) €T" xR"

d@ = wdt
dw=(—(yOom)Ow—VgV(0))dt + (c@m)©® dw

Potential function V : T"—R-




Proximal Recursion for Power System Model

Consider simple case: homogeneous generators with ¢* = 28 'y

Lyapunov functional:
1
P(p) = / (— | w3 —I—V(O))pdﬂdw + B! plog p dOdw
T xR" \ 2 T"xR"

However, the FPK PDE is NOT a gradient descent of ® w.r.t. W
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where s;,(0,w,0,w) := |w — w hVV(O)H;



Proximal Prediction: Power System with n = 2

Projection of the joint PDF on T*

t = 0.0000 s

t=20 t=20.1 t=10.25 t=20.5 t=0.75 t=20.9
g = 4 ) A ® .. L W
° ¢ ° .. ¢ 0. - 8 o © o °
o ° ® ]
o ¢ ) ® ’ ’ o °° ’ ° - ®e .o .. 0'
o'.. o 0% ° o °© , © s
° o 8 09 . ¢ 0’ % % :. ©¢° ° © ® o0 %o
o....o s ° ° °° :o %o ¢ o®® °. °° °¢ ¢ : o. e .9 .' Tt Oﬁ @0
‘ o
CL)2». : : . b :0 . b ...0:0 ® oo..'oo... O..O'O u ) "o o “go d
e o ¥ ‘. ° o ‘°%O.O' :0~ ° .“ 3 ®o o0 oo. .0 f g ‘.... ®e®2 0
° ©¢ 0 op ,® 0® 8% oo 0 °° §8° o ° (R °
o3 ’ oy ° o %0 ° ] o 8 °o Ce 28" o
LA B B S B B K W S
o.o.o o :.. .'0.‘. .00. e © o o ‘
o o ] o
.. ‘.. ° X (<] ..‘ ..‘ ° -. . P ...
w1 w1 w1 w1 w1 Wi
—iiuu I T BB NS RRRRER RS Eﬁ_

0.001 0.002 O.dO3 0.004 0.005



Computational Time: Power System with n = 2
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Summary

Fast proximal recursions for PDF propagation in power systems

Ongoing
Large scale implementation: ~1000 generators in ~seconds

Address Stochastic Differential Algebraic Equations (SDAESs)
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