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Uncertainty Propagation in Power Systems
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Propagating Joint Probability Density Function

Wl
Initial l Process noise
1 conditions
N .
Process State density é j
Parameters model >
> p(x(t),t)

Trajectory flow:
dX(t) = £(X,t)dt + g(X,t)dw(t), dw(t) ~ N (0,Qdt)

Density flow:
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What's New?

)
[Main idea: Solve E’O =Lppp, p(z,t = 0) = py as gradient flow in Py (X )J
Infinite dimensional variational recursion:
Qk‘_l | proxg () &Qk

1 step delay

1
Proximal operator: 0k —prox), (0k_1) :=arginf { —W?(0,06-1) + h‘b(e)}
Q€P2(X) 2

Optimal transport cost: W*(0, 0x-1) := _inf / c(z,y) dn(z,y)
mell(0,06-1) J Xxx

Free energy functional: ®(p) := / Yodx + A1 / ologodx
X X



Geometric Meaning of Gradient Flow

Gradient Flow in X Gradient Flow in Py (X))
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Algorithm: Gradient Ascent on the Dual Space

Uncertainty propagation via point clouds
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No spatial discretization or function approximation




Algorithm: Gradient Ascent on the Dual Space

9
3—[; =V - (Vip) + B Ap

{  Proximal Recursion

, 1
o= plx, £ = k) = axgint { S W20 pr) + h0(p) }
pEP2(R")

|l  Discrete Primal Formulation

. 1 _
gk:argmin{ min (G, M)+ h (i1 + B log o, a>}
o McN(gx—1,0) 2

| Entropic Regularization

1
Ok = arg min{ min —(Cx, M) + eH(M) + h ()1 + 5_1 log o, Q>}
o MenN(gk—1,0) 2

{  Dualization
)\gpt, Xfpt — arg max{()\o, 0k—1) — F*(—=X1)
Ao A >0

€

- (exp(AOT h/e€) exp(—Cx/2¢) exp(A1 h/E)) }



Recursion on the Cone

y=dt| |o-

Coupled Transcendental Equations in y and z

-G,
I’ = e2e —
: yOTz = 0k-1
Ok—1 — — Ok ZZQFATY
e PY,_, 40, I;cTy = {\9 zPe/2h
fk—zl e |

Theorem: Consider the recursion on the cone RY Lo X R
Be
h

y© (Txz) =0k-1, zO (Fk )’) =&k-1 0z 7,
Then the solution (y*, z*) gives the proximal update gx = z* @ (T'x ' y*)



Algorithmic Setup

zi_1 | 1step delay [T

Euler-Maruyama

scheme
— W2 <€
: »  Prox; /.
Ok—1 he() Ok

1 step delay [

Theorem: Block co-ordinate iteration of (y, z) recur-
sion is contractive on R? ; X RZ .




Proximal Prediction: Nonlinear Non-Gaussian
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Computational Time: Nonlinear Non-Gaussian
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Proximal Prediction: Satellite in Geocentric Orbit

Here, X =R°

d
()
dz
dv,

dv,

de)

cl

7
THSH T
~__
e

)

=

st co
sf s¢

X
3

Yy
3

1z

\_F + (fz)pert T /sz)

cl co

cl so
—s6

Vy
Vy, 0
[0
_ 4 (&)pert — TV dt + \/W d8|/1 7
d
Y o=, \dws/

—s¢
co
0

) 574 (3(s0)* — 1)\

k= 3k R, i = constant



Computational Time: Satellite in Geocentric Orbit
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Network Reduced Power System Model

Structure preserving model:

m;0; + v;0; = Pz.me"]rl — Z kijsin(6; — 0; + ¢;;) + o; X stochastic forcing, i =1,...,n
=1

Define positive diagonal matrices:

M .= diag(mi,...,m,), I :=diag(y,...,7), X :=diag(oy,...,o,

Mixed conservative-dissipative SDE in state (0, w) € T" x R" :

= w , W
dw ~M VgV (0) — M 'Tw My

_J/

TV
anisotropic degenerate diffusion

Potential function V : T" — R

ZPmeche + Z k’l,j COS Hj + (PZJ))

(4,5)€€



Transform to isotropic degenerate diffusion

Pushforward joint PDF via invertible linear map ¥ :

(@) () = o= (0)

-~

v

where

By Ito’s lemma:

(jﬁ) - (—vgv(e)n— vnF<n>) w (°1"—Z”) dw

where the new potentials:

n

U(§) := Z %Pimedlfz‘ + Z ’mzz kij (1 — COS( % §i — %fj + <,07;j)>

i=1 7 (ig)ce i

F(m) = %(n,M‘II‘m



Propagate the Pushforward

Kinetic Fokker-Planck PDE for the pushforward:

op

5 — (1 Vep) + Vi - (VeU(§) + Vo F(n))p) + %Anp

The following is a Lyapunov functional

2(p)= [ (U +Fm+ Flogp) p déan

but the PDE cannot be written as gradient flow of ® w.r.t. W metric!!!



Proximal Update

Instead, do the proximal recursion:

~

0 = prox(8,1), keN

with pair (W, 3)) given by

__2 2

e}

2 __ N
+12H£ § mtn
2 h

@ae) = it [ {]a-n+wve
m€ll(8,05-1) J T2 x R*" 2

} dn(&,m,€,m)

2

- 1
®(p) = / (F(n) + Elogﬁ) p d&dn
T" xR"

Guarantee: Pr—p ashl0

Finally, come back to original coordinates:

p(0,w,t) = det(¥) F(MZ'0, M 'w,t)
N——

(H?:1 mi/"’i)2



Proximal Prediction: Power System with n = 2

Projection of the joint PDF on T’ t = 0.0000 s
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Proximal Prediction: Power System with n = 20

Randomly generated parameters using interval data from:
Dorfler, F., and Bullo, F., Synchronization and transient stability in power networks and nonuniform

Kuramoto oscillators, SIAM |. Control and Optimization, Vol. 50, No. 3, pp. 16161642, 2012.
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Proximal Prediction: Power System with n = 20

Randomly generated parameters using interval data from:
Dorfler, F., and Bullo, F., Synchronization and transient stability in power networks and nonuniform
Kuramoto oscillators, SIAM |. Control and Optimization, Vol. 50, No. 3, pp. 16161642, 2012.
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Summary

Fast proximal recursions for PDF propagation in power systems

Ongoing
Large scale implementation: ~1000 generators in ~seconds

Control of joint PDFs via state feedback
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Projection of the joint PDF on R*
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