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Motivation: Mars Entry-Descent-Landing
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Motivation: Mars Entry-Descent-Landing
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Problem: Uncertainty Propagation
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Problem: Uncertainty Propagation

Wit
Initial lProcess noise
1 conditions
| Process State density . ii 2
Parameters model ”
> p(x(t),t)

Trajectory flow:
dx(t) = f(X,t) dt + g(X,t)dw(t), dw(t) ~ N(0,Qdt)

Density flow:

do o 1 & 92 T
5= Lrp(p) := =V - (pf) + ZiJZ_:1W <(gQg )ijp>




Problem: Filtering
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Problem: Filtering
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Problem: Filtering
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Trajectory flow:

dx(t) = £(X, t) dt + g(X, t) dw(t),

dw(t) ~ N'(0,Qdt)
dz(t) = h(X,t)dt + dv(t),

dv(t) ~ N(0,Rdt)
Density flow:

do :[.chdt+ (h(x, £)—E,{h(x, £)}) R (dz(t)—E,{h(x, t)}dt)} ot
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PDE formulation <= Variational formulation
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solution of PDE proximal operators



Research Scope
Density Flow

N

PDE formulation <= Variational formulation

Numerically approximate Recursively evaluate
solution of PDE proximal operators

Density flow ~~ gradient descent in infinite dimensions




Gradient Descent in Finite Dimensions

Problem: minimize ¢(x)
x€R"

Algorithm: x; = x,_1 — hV(xc_1)




Gradient Descent in Finite Dimensions

Problem: minimize ¢(x)
x€R"

Algorithm: x; = x¢_1 — hVd(x_1)

Advantage:
- is a descent method: ¢(x¢) < P(x¢_1)

- convergence under very few assumptions
- simple first order method

- can account constraints (projected gradient
descent)



Why does gradient descent work?

z=¢(z), z€R2
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—V¢(x) is the max-rate descending direction (why?)




Rate of Convergence for Gradient Descent
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¢ is (3)-smooth O(} exp (—k))

AND o-strongly convex




Gradient Descent «+~ Gradient Flow

- GD is Euler discretization of GF

dx

dt:—ch( x), x € R"

- Rate matching:
GD rate O() when ¢ is (3)-smooth

GF rate O(}) when ¢ is convex



Gradient Descent «++ Proximal Operator

X = Xg—1 — hV(xp—1)
0
Xy = proxilrlrlal,u('P|| (Xk—1)

:= argmin {3||x — xc_1/|* + hp(x) }

xeR"




Gradient Descent «~+ Proximal Operator
X = Xj—1 1—Ithb(xk1)

Xy = proxilrlrlal,L'('P|| (Xk—1)

= argmin {1]jx — x1[2 + hp(x)}

xeR"

.

This is nice because
- argmin of ¢ = fixed point of prox. operator

- prox. is smooth even when 4) is not

reveals metric structure of gradient descent




Gradient Descent in Infinite Dimensions

z=®(p), pEYD

— PO>P1
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Proximal recursion: p; = arginf {3d?(p, px_1) +h®(p)}
0ED




Gradient Descent Summary

Finite dimensions Infinite dimensions
dx _ n % _ n
a——qu(x), x € R at—ﬁ(x,p), xeER", peP
Xi(h) = X1 — BV p(x—1) P(x, h)
— argmin{}|x—x 12 +hg(x)} = argmin{1d(p,pi1)? +hD(p)}
X P
= proximalw (Xk—1) = proximalig') (Px-1)

xx(h) — x(t=kh),as h | 0 pk(x, h)—p(x,t=kh),as h]0




Related Work

Transport PDE 3—‘; = L(x,p) Gradient descent scheme
152
L(x,0) 2d°(0, 0k-1) @(p)
Dp 3l —pea 7w 3w 1 VO
Heat equation (1822) Squared Ly norm of difference Dirichlet energy, CFL (1928)
V- (VU(X)p) + B Dp W20, 001) | By [U(x) + B logp]
Fokker-Planck-Kolmogorov PDE (1914,'17,'31) Optimal transport cost Free energy, JKO (1998)
Ty _
(=, [0)) R (dz—E, [hldt))p || Dialollor1) | SEolyx—h) R (ye—h)]
Kushner-Stratonovich SPDE (1964,'59) Kullback-Leibler divergence Quadratic surprise, LMMR (2015)




Related Work

Transport PDE 2 L =L(xp) Gradient descent scheme
L(xp) 28 (0, pr-1) @(p)
Ap %H 0 — Pr—1 ||%2(1Rn) %f]{{n H Vp HZ

Heat equation (1822)

Squared L) norm of difference

Dirichlet energy, CFL (1928)

V- (VUX)p)+ B Dp

Fokker-Planck-Kolmogorov PDE (1914,17,'31)

IW2(p, pr—1)

Optimal transport cost

E, [U(x) + B~ 'logp]

Free energy, JKO (1998)

((h—E,[n))'R-

{(dz—E,[h]dt))o

Kushner-Stratonovich SPDE (1964,'59)

D (ollok-1)

Kullback-Leibler divergence

Eo[(yx—h) R (yx—h)]

Quadratic surprise, LMMR (2015)

Process dynamics is stochastic gradient flow:

dx(t) = —=VU(x

) dt + /2B Tdw(t

Gibbs density
|

ea(x) o [ PLE)




Related Work

Transport PDE g—f = L(x,p)

Gradient descent scheme

L(x,p)

2d%(0, pk-1)

(p)

Ap

Heat equation (1822)

% Il o — pr-1 ||%2(]Rn)

Squared L) norm of difference

5 Jre I Vo II?

Dirichlet energy, CFL (1928)

V- (VU(x)p) + B~ Lp

Fokker-Planck-Kolmogorov PDE (1914,'17,'31)

IW2(p, pr—1)

Optimal transport cost

E, [U(x) 4+ B~ logp]

Free energy, JKO (1998)

((h—E, [1)'R(dz—E, [h]dt))p

Kushner-Stratonovich SPDE (1964,'59)

Dxr (pllek-1)

Kullback-Leibler divergence

3E,[(yk—h) R (y,—h)]

Quadratic surprise, LMMR (2015)

No process dynamics, only measurement update:

dx(t) =0,

dz(t) = h(x,t)dt + dv(t), dv(t) ~ N (0,Rdt)




Our Contribution

Transport description Gradient descent scheme
PDE/SDE/ODE 1d%(0, 1) ®(p)
Mean ODE, Lyapunov ODE IW2(0,061)  [Ep {U(x, )+ @ log p]
Linear Gaussian uncertainty propagation Optimal transport cost Generalized free energy

Conditional mean SDE, Riccati ODE D (pllox-1)  [3Eo[(yx—h) R Y(yc—h)

Kalman-Bucy filter Kullback-Leibler divergence Quadratic surprise

ditto $d2: (0, P-1) ditto

Fisher-Rao metric

Kushner-Stratonovich SPDE ditto ditto

Nonlinear filter Fisher-Rao metric




The Case for Linear Gaussian Systems
Model:

dx(t) = Ax(t)dt +Bdw(t), dw(t) ~ N (0,Qdt)

dz(t) = Cx(t)dt +dv(t), dv(t) ~ N (0,Rdt)

Given x(0) ~ N (o, Py), want to recover:

For uncertainty propagation:

it =Au, u(0) = up; P=AP+PA" +BQB', P(0) = P,.
For filtering;: Pt (—;RA

dp™(t) = Apt(t)dt+  K(t) (dz(t) — Cu™(t)dt),

P(t)=AP'(t) + P"(t)AT + BQB" — K(tH)RK(t)'.



The Case for Linear Gaussian Systems

Challenge 1:

How to actually perform the infinite di-
mensional optimization over %,?

Challenge 2:

If and how one can apply the variational
schemes for generic linear system with
Hurwitz A and controllable (A, B)?




Addressing Challenge 1: How to Compute
Two Step Optimization Strategy

Notice that the objective is a sum:

fir.st second
functional functional
|
|
) 1
arginf{ Ed(p’pk_l)z + hd(p) }

pE@z

Choose a parametrized subspace of %, such that
the individual minimizers over that subspace match

Then optimize over parameters

— Dyp C P> works!




Addressing Challenge 2: Generic (A, /2B)

Two Successive Coordinate Transformations

#1. Equipartition of energy:

— Define thermodynamic temperature 0 := 1tr(Py),
and inverse temperature B := 0~!

_1
— State vector: X > Xep := VOPL2x
— System matrices:
Aep Bep
I I
11 _1
A, V2B — P,2APZ , /20 P.2B

— Stationary covariance:
Pe — 61




Addressing Challenge 2: Generic (A, /2B)

Two Successive Coordinate Transformations

#2. Symmetrization:

__ Askew
— State vector: Xep F> Xsym := € Agp” txep
— System matrices:
F(t) G(t)
I I

skew skew skew
Acp,V20Bep — e Ap FAQT A /20 e A% !B,
— Stationary covariance:
01 — 01
— Potential: U (Xsym, t) 1= —3XdmF(t)Xsym > 0

sym




Summary

— Two successive coordinate transformations bring
generic linear system to JKO canonical form

— Can apply two step optimization strategy in Xsym
coordinate

— Recovers mean-covariance propagation, and
Kalman-Bucy filter in / | 0 limit

— Changing the distance in LMMR from Dy, to %W%
gives Luenberger-type observers

— Future work: computation for nonlinear filtering
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Gradient Descent with Constraints

minimize ¢(x)
xeC

i
X = proj, (xg—1 — hVep(xr_1))

0

X = proxilrlrlal,L'('P|| (Xe—1)

:= argmin {3||x — xc_1/|* + hp(x) }

xeC




