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Need to compute evolution of density r(x(t), t)

Trajectory flow:

dx(t) = f(x, t) dt + g(x, t) dw(t), dw(t) ⇠ N (0, Qdt)
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State Dynamics:

dx = −∇ψ(x , t)dt +
√

2β−1 dw , x0 ∼ ρ0, dw(t) ∼ N (0, Idt), x ∈ Rn

Probability Density Function (PDF) Dynamics:

∂ρ

∂t
= Lρ := ∇ · (∇ψρ) + β−1∆ρ, ρ(x , 0) = ρ0
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What’s new?

Main Idea: Solve
∂ρ

∂t
= Lρ, ρ(x , 0) = ρ0 as gradient flow in P2(Rn)

Proximal Operator: ρk = proxW 2

hΦ (ρk−1) := arg inf
ρ∈P2(Rn)

{
1

2
W 2(ρ, ρk−1) + h Φ(ρ)

}
Optimal Transport Cost: W 2(ρ, ρk−1) := inf

π∈Π(ρ,ρk−1)

∫
Rn×Rn

c(x , y)dπ(x , y)

Free Energy Functional: Φ(ρ) :=

∫
Rn

ψρ dx + β−1

∫
Rn

ρ log ρ dx
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Gradient Flow

Gradient Flow in Rn

dx
dt

= −∇ϕ(x), x(0) = x0

Recursion:

xk = xk−1 − h∇ϕ(xk)

= arg min
x∈Rn

{
1

2
‖x − xk−1‖2

2 + hϕ(x)

}

=: prox
‖·‖2

hϕ (xk−1)

Convergence:

xk → x(t = kh) as h ↓ 0

Gradient Flow in P2(Rn)

∂ρ

∂t
= −∇W Φ(ρ), ρ(x , 0) = ρ0

Recursion:

ρk = ρ(·, t = kh)

= arg min
ρ∈P2(Rn)

{
1

2
W 2(ρ, ρk−1) + hΦ(ρ)

}

=: proxW
2

hΦ (ρk−1)

Convergence:

ρk → ρ(·, t = kh) as h ↓ 0
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Algorithm: Gradient Ascent on the Dual Space

∂ρ

∂t
= ∇ · (∇ψρ) + β−1∆ρ

m Proximal Recursion

ρk = ρ(x , t = kh) = arg inf
ρ∈P2(Rn)

{
1

2
W 2(ρ, ρk−1) + h Φ(ρ)

}

⇓ Discrete Primal Formulation

%k = arg min
%

{
min

M∈Π(%k−1,%)

1

2
〈Ck ,M〉+ h 〈ψk−1 + β−1 log%,%〉

}

⇓ Entropic Regularization

%k = arg min
%

{
min

M∈Π(%k−1,%)

1

2
〈Ck ,M〉+ εH(M) + h 〈ψk−1 + β−1 log%,%〉

}

m Dualization

λopt
0 ,λopt

1 = arg max
λ0,λ1≥0

{
〈λ0,%k−1〉 − F ?(−λ1)

− ε

h

(
exp(λ>0 h/ε) exp(−Ck/2ε) exp(λ1h/ε)

)}
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Fixed Point Recursion

Theorem: Consider the recursion on the cone Rn
≥0 × Rn

≥0

y � (Γkz) = %k−1, z �
(
Γk
>y
)

= ξk−1 � z−
βε
h ,

Then the solution (y∗, z∗) gives the proximal update %k = z∗ � (Γk
>y∗)
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Algorithmic Setup
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1D Linear Gaussian

dx = −ax dt +
√

2β−1 dw , a > 0
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2D Linear Gaussian with Non-Gradient Drift

dx = Ax dt + B dw
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2D Nonlinear Non-Gaussian

dx = −∇ψ(x) dt +
√

2β−1 dw ,
ρ∞ ∝ exp(−βψ)
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Computational Time for 2D Nonlinear Non-Gaussian
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Mixed Conservative-Dissipative Drift

Relative motion of a satellite in geocentric orbit:




dx
dy
dz
dvx
dvy
dvz




=




vx
vy
vz

−µx
r3

+ (fx)pert − γvx

−µy
r3

+ (fy )pert − γvy

−µz
r3

+ (fz)pert − γvz




dt +
√

2β−1γ




0
0
0

dw1

dw2

dw3



,



fx
fy
fz




pert

=



sθ cφ cθ cφ −sφ
sθ sφ cθ sφ cφ
cθ −sθ 0







k

2r4

(
3(sθ)2 − 1

)

− k

r5
sθ cθ

0


 , k := 3J2R

2
E, µ = constant
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Computational time for 6 State Satellite Motion
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Extensions: Multiplicative Noise

Cox-Ingersoll-Ross: dx = a(θ − x) dt + b
√
x dw , 2a > b2, θ > 0

x
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Extensions: Nonlocal Interactions

PDF dependent sample path dynamics:
dx = − (∇U (x) +∇ρ ∗ V ) dt +

√
2β−1 dw

Mckean-Vlasov-Fokker-Planck-
Kolmogorov integro PDE:
∂ρ

∂t
= ∇ · (ρ∇ (U + ρ ∗ V )) + β−1∆ρ

Free energy:
F (ρ) := Eρ

[
U + β−1ρ log ρ + ρ ∗ V

]
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Extensions: Nonlocal Interactions (contd.)

U(·) = V (·) = ‖·‖2
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Application: Finite Time Density Steering

inf
u∈U

E
{∫ 1

0

1

2
|u(x , t)|2 dt

}

subject to dx = −∇Ψ(x , t) dt + u(x , t) dt +
√

2ε dw
x0 ∼ ρ0 x1 ∼ ρ1

Objective: Compute uopt(x , t), ρopt(x , t), uopt(x , t) = ∇λ(x , t)

Coupled Nonlinear PDE’s

∂λ

∂t
+
|∇λ|2

2
−∇λ · ∇Ψ = −ε∆λ

∂ρopt

∂t
+∇ · (ρopt(∇λ−∇Ψ)) = ε∆ρopt

ρopt(x , 0) = ρ0, ρopt(x , 1) = ρ1

Boundary Coupled Linear PDE’s

∂ϕ

∂t
= ∇ϕ · ∇Ψ− ε∆ϕ

∂ϕ̂

∂t
= ∇ · (ϕ̂∇Ψ) + ε∆ϕ̂

ρ0 = ϕ0ϕ̂0, ρ1 = ϕ1ϕ̂1

uopt(x , t) = 2ε∇ϕ(x , t), ρopt = ϕ(x , t)ϕ̂(x , t)
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Finite Time Density Steering: Optimal Controlled Densities
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Summary

New algorithm for density propagation

No spatial discretization or function approximations

Extremely fast runtime

Details:
“Gradient Flow Algorithms for Density Propagation in
Stochastic Systems”, to appear in IEEE TAC

Code:
github.com/kcaluya/UncertaintyPropagation
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Thank You!
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