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Problem: Density Propagation

Wl
Initial l Process noise
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>| Process | Statedensity -
Parameters model > { \_/ \
> o(x(t)t)
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Problem: Density Propagation

Wl
Initial l Process noise
1 conditions
>| Process | Statedensity -
Parameters model > / \_’ \
> o(x(t)t)

State Dynamics:

dx = =Vi(x, t)dt+ /2B~ 1dw, xo ~ po, dw(t) ~ N(0,1dt), x € R"

Probability Density Function (PDF) Dynamics:

o _

= Lp=V-(Vp)+ B Bp, p(x,0) = po
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0 .
Main Idea: Solve a—p = Lp, p(x,0) = pp as gradient flow in P,(R")

A

Ok—1

2
Proximal Operator: py = prox/ (pk_1) := arg inf
PEP2(R™)

2
prothq, ()

1 step delay

Optimal Transport Cost: W2(p, Pk—1) =

w€N(p,pk—1)

Ok

{% W2(p, px_1) + h ¢(P)}

[ clxyiney)

Free Energy Functional: ®(p) := / Ypdx + 571/ plog p dx
RP R"
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Gradient Flow

Gradient Flow in R”

dx
a —Ve(x), x(0) = xo
Recursion:

Xk = Xk—1 — hV(p(Xk)

. 1
= arg gun {2||x — xk,1||§ + hgp(x)}

xeRn

. [R[ES
=: prox,,”(x«-1)
Convergence:

xk = x(t=kh) as hl]O
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Gradient Flow

Gradient Flow in R” Gradient Flow in P,(R")
0
% = —Ve(x), x(0)=xo Bit) =-VWo(p), p(x,0)=po
Recursion: Recursion:
Xk = Xk—1 — hVp(xx) pk = p(-, t = kh)
1 ) 1
—orgmin {3llx — xcaB+ he() = orgmin { S0 pia) + h0(0) |
xern 2 pePy(&n) (2
= proxMz(xk,l) = proxl‘ﬂf(pkil)
Convergence: Convergence:
xk = x(t=kh) as hl]O pk — p(,t=kh) as hl]O
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Algorithm: Gradient Ascent on the Dual Space

9p _ ) -1
5 =V (Vup) + 57 Ap

{  Proximal Recursion

. 1
pk = p(x,t = kh) = arginf {2W2(,07 Pk—1)+ h ¢(p)}
pEPQ(R")
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Algorithm: Gradient Ascent on the Dual Space

9p _ ) -1
5 =V (Vup) + 57 Ap

{  Proximal Recursion

) 1
pk = p(x,t = kh) = arginf {W2(,07 Pk—1)+ h ¢(p)}
pEPQ(R")
|  Discrete Primal Formulation

1
Ok = arg min{ min = (Ci, M)+ h (¢py_1 + B " log o, Q)}
e MeN(oi—1,0) 2
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Algorithm: Gradient Ascent on the Dual Space

9p _ ) -1
5 =V (Vup) + 57 Ap

{  Proximal Recursion
. 1
pk = p(x,t = kh) = arginf {W2(p, Pk—1)+ h ¢(p)}
pEPQ(R")
|  Discrete Primal Formulation
1
oc—agminf, _min (G M)+ h (s + 5 ogeo) |
o MenN(ek—1,0) 2
|  Entropic Regularization

1
Ok = arg min{ min  —
e

M H(M) + h B -1
Men(gk,hg)2<c’“ ) +eH(M) + h (Y1 + B Ogg,g>}
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Algorithm: Gradient Ascent on the Dual Space

dp ) —1
5 =V (Vup) + 57 Ap

{  Proximal Recursion

. 1
pk = p(x,t = kh) = arginf {W2(p, Pk—1)+ h ¢(p)}
pEPQ(R")

|  Discrete Primal Formulation

. . 1
= arg min min =
Ok gg {Meﬂ(gkhe)Q

(M) + (i + 57 o 0.0) |
|  Entropic Regularization
1
ok :argmin{ min = (Ck, M) + eH(M) + h (¢py_1 + B ' log o, Q>}
) MenN(gk—1,0) 2

{  Dualization

Agpta)\cfpt = arg max{<>‘03 ok-1) — F*(=X1)
}\0,)\120

_ % (exp(AOT h/€) exp(—Ci/2¢) exp(A1 h/E)) }
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Fixed Point Recursion

Coupled Transcendental Equations in y and z

I = e2¢ —
yQ© Iz= 0k
— Ok =2z () FkTy
Tay — - 2h
e P, zOL'y=§0z Bel

Theorem: Consider the recursion on the cone R, x RY,
_Be
y©[Tz)=0k-1, z© (PkT.Y) =&-102F,
Then the solution (y*, z*) gives the proximal update gx = z* ® (T'x " y*)
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Algorithmic Setup

zr_1 | 1 step delay T
"""" ’| Euler-Maruyama
scheme
2
. TOX} 4.
Ok—1 P he(:) Ok

1 step delay
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1D Linear Gaussian

dx = —axdt + /26 1dw,a >0

— Panalytical

L]

Pproximal
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2D Linear Gaussian with Non-Gradient Drift

dx = Axdt + B dw

——  Panalytical Pproximal
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2D Nonlinear Non-Gaussian

dx = —Vi(x) dt + /281 dw,
Poo X exp( B)
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Computational Time for 2D Nonlinear Non-Gaussian

H
9
&

Computational time (seconds)

1 2 3 4
Physical time t; = kh (seconds)
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Mixed Conservative-Dissipative Drift

Relative motion of a satellite in geocentric orbit:

Vx
Vy
dx Vz 0
dy 0
dz B+ (F)pen — v p| 0
dVX — r3 X ) per X dt + 25—1,}/ dWl ,
dv, ny dws
dV}Z/ =) + (f;’)Pert —YVvy dws
nz
- r3 + (fz)pert 'VVZ
k 2
£y s0cp chcp —s¢p 27 (3(s6)* - 1)
f,| =[s0s¢ cOsp co ko .k :=3hRE, 1 = constant
f, c —s0 0 r°
pert 0
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Computational time for 6 State Satellite Motion

H
9
i

Computational time (seconds)
=
o
&

0.005 0.01
Physical time t;, = kh (seconds)
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Extensions: Multiplicative Noise

Cox-Ingersoll-Ross:  dx = a(f — x) dt + by/x dw, 2a > b*> 6 >0

— Panalytical

©  Pproximal
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Extensions: Nonlocal Interactions

PDF dependent sample path dynamics:
dx = — (VU (x) + Vpx V)dt + /261 dw

Mckean-Vlasov-Fokker-Planck-
Kolmogorov integro PDE:
dp

2. =V (pV (Ut px V) + B Ap

Free energy:
F(p) =E, [U + B lplogp + p* V}
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Extensions: Nonlocal Interactions (contd.)

ui)=Vv_E) = Ik

— Panalytical

e ° Pproximal
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Application: Finite Time Density Steering

1
. 1 2
infE {/0 lutx, 1) dt}

subject to dx = —VV¥(x,t)dt + u(x,t)dt+ V2edw

X0~ po X1~ p1

Objective: Compute u°Pt(x,t), p°Pt(x, t), u°P’(x, t) = VA(x, t)
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Application: Finite Time Density Steering

1
. 1 2
infE {/0 lutx, 1) dt}

subject to dx = —VV¥(x,t)dt + u(x,t)dt+ V2edw

X0~ po X1~ p1

Objective: Compute u°Pt(x,t), p°Pt(x, t), u°P’(x, t) = VA(x, t)

Coupled Nonlinear PDE’s

2
92 + VA —VA-VV = —cAX
ot 2
8popt opt opt
5tV (0T (VA= VW) = edp
popt(x7 0) = po, popt(x’ )=m
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Application: Finite Time Density Steering

1
. 1 2
infE {/0 lutx, 1) dt}

subject to dx = —VV¥(x,t)dt + u(x,t)dt+ V2edw

X0~ po X1~ p1

Objective: Compute u°Pt(x,t), p°Pt(x, t), u°P’(x, t) = VA(x, t)

Coupled Nonlinear PDE’s Boundary Coupled Linear PDE’s
or VAP D
i ZVA-VU = —cA) Y _ . _
Eri VA-V € B V- VV —eAp
Op°rt 0P
gt FV - (0P (VA — VW)) = eApPt a—f =V ($VV) + A
PP (x,0) = po, P (x,1) =1 po = PoPo,  p1= P11
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Application: Finite Time Density Steering

1
. 1 2
infE {/0 lutx, 1) dt}

subject to dx = —VV¥(x,t)dt + u(x,t)dt+ V2edw

X0~ po X1~ p1

Objective: Compute u°Pt(x,t), p°Pt(x, t), u°P’(x, t) = VA(x, t)

Coupled Nonlinear PDE’s Boundary Coupled Linear PDE’s
or VAP D
i ZVA-VU = —cA) Y _ . _
Eri VA-V € B V- VV —eAp
Op°rt 0P
gt FV - (0P (VA — VW)) = eApPt a—f =V ($VV) + A
PP (x,0) = po, P (x,1) =1 po = PoPo,  p1= P11

U (x, £) = 26V (x, ), p = p(x, )(x, ¢)
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Finite Time Density Steering: Optimal Controlled Densities

0.0000 0.0005 0.0010 0.0015 0.0020 0.0025 0.0030 0.0035
t=.25 5 t=.75
o %,
éQ
—0.004 0.000 0.004 0.008 0.012 0.016 0.020

0.024 0.028
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o New algorithm for density propagation
e No spatial discretization or function approximations
o Extremely fast runtime
o Details:
“Gradient Flow Algorithms for Density Propagation in

Stochastic Systems”, to appear in IEEE TAC

o Code:
github.com/kcaluya/UncertaintyPropagation
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github.com/kcaluya/UncertaintyPropagation

Thank You!
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