
Graph Curvature for COVID -19 Network Risk Analytics

SciCAM MS Thesis Presentation

Qingyuan Cui

University of California, Santa Cruz

Aug. 11, 2021



COVID -19

203M cases

4.3M deaths



Image Credit: www.worldometers.info 

Worldwide total cases
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California new reported cases



Challenges in COVID-19 risk analytics

Counties need to account time-varying traffic data

When to impose NPI measures? For how long?

Where are the infections spreading from? And spreading to?



This study

Proposes new risk analytics method from county -level traffic graph

Uses graph curvature to quantify the likelihood of spread

Demonstrates the proposed method on real county-level traffic data 
for California during March 1 st,  2020-March 31st, 2021 



County -level traffic graph

time-varying weighted directed graphs ꞉ ȟ꜡ȟύם Ærom inter -county 
traffic data
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County -level traffic graph Graph Ricci and scalar curvatures 

Vertex to vertex interaction Neighborhood to neighborhood 
interaction

Pairwise information only when an 
edge exists between the vertices

Pairwise information over all 
possible pathways in the network

Why graph curvature



Measures the deviation of the manifold from being locally flat (here, 
flat = Euclidean)

Quantifies that deviation in the tangent directions

Controls the average dispersion of geodesics around those directions

Ricci curvature ‖on Riemannian manifold



Curvature and geodesic dispersion



Ricci curvature ‖on Riemannian manifold

ɁÐÕÛÌÙ-ÉÈÓÓɂɯÎÌÖËÌÚÐÊÚ

‖ πḳsmall balls are closer (further) than their centers

av. inter-ball distance = Ὠὼȟώ ρ ‖ὺ ὕ‐ ‐Ὠὼȟώ

ꜞ ὼ ꜞ ώ



Ricci curvature ‖on metric measure space 

‖ὼȟώ ρ
ὡ ά ȟά

Ὠὼȟώ

Average distance between balls centered at ὼand ώ

1-Wasserstein distance ὡ

Distance between the centers ὼand ώ

Minimal geodesic distance Ὠ

‖ πḳsmall balls are closer (further) than their centers



1-Wasserstein distance ὡ

minimum amount of work to reshape one distribution into other



Linear programming (LP) formulation:
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ὡ ά ȟά in metric measure space

optimal transportation plan



Generalize ‖to weighted directed graph

‖ὼȟώ ρ
ὡ ά ȟά

Ὠὼȟώ
‖ὺȟὺ ρ

ὡ

Ὠ(ÏÐὺȟὺ

For a weighted directed graph ꞉ ȟ꜡ȟύם

dÉÒÅÃÔÅÄÅÄÇÅNtangent direction 
ὡ ᴺdistance between balls centered at ὺand ὺ

Ὠ(ÏÐNËÐÚÛÈÕÊÌɯÉÌÛÞÌÌÕɯÛÏÌɯɁÊÌÕÛÌÙÚɂɯὺand ὺ



Vertex reachability

A path from ὺᶰםto ὺᶰםis a sequence ίof directed edges

is the set of all pathsה

ὰὺȟὺ is the length (hop count) of the path from ὺᶰםto ὺᶰםvia ί

ὺ is reachable from ὺ (denote ὺᴼὺ) if aɱ directed path from ὺÔÏὺ


